Abstract. The Bousfield-Kan (or unstable Adams) spectral sequence can be constructed for various homology theories such as Brown-Peterson homology theory BP, Johnson-Wilson theory E(n), or Morava E-theory E n . For nice spaces the E 2 -term is given by Ext in a category of unstable comodules. We establish an unstable Morava change of rings isomorphism between Ext UBP * BP (BP * , M ) and Ext UE n * En (E n * , E n * ⊗ BP * M ) for unstable BP * BP -comodules that are v n -local and satisfy I n M = 0. We show that the latter Ext groups can be interpreted as the continuous cohomology of the profinite monoid of endomorphisms of the Honda formal group law. By comparing this with the cohomology of the Morava stabilizer group we obtain an unstable Morava vanishing theorem when p − 1 ∤ n. This in turn has implications for the convergence of the Bousfield-Kan spectral sequence. When p− 1 > n and k is odd and sufficiently large we show that the E(n)-based spectral sequence for S k has a horizontal vanishing line in E 2 and converges to the E(n)-completion of S k .
Introduction
In [2] it is shown that the unstable Adams spectral sequence, as formulated by Bousfield and Kan [10] , can be used with a generalized homology theory represented by a p-local ring spectrum E satisfying certain hypotheses, and for certain spaces X. In these cases the effectiveness of the spectral sequence is demonstrated by: 1) setting up the spectral sequence and proving convergence, 2) formulating a general framework for computing the E 2 -term, and 3) computing the one and two line in the case where E = BP and X = S 2n+1 . In [6] the present author and M. Bendersky showed that this framework can be extended to periodic homology theories such as the JohnsonWilson spectra E(n). However the approach to convergence in [6] is different from that in [2] . In the latter the Curtis convergence theorem is used to obtain a general convergence theorem based on the existence of a Thom map HZ (p) → E and a tower over X. This necessitates that E be connective. Obviously this doesn't apply to periodic theories such as E(n). In [6] we study a tower under X and define the E-completion of X to be the homotopy inverse limit of this tower. Convergence of the spectral sequence to the completion is guaranteed by, for example, a vanishing line in rth term of the spectral sequence. For the example of E(1) and X = S 2n+1 we compute the E 2 -term, for p odd, and obtain such a vanishing line.
It should be noted that the spectral sequence has been used to good effect in the work of Davis and Bendersky, in computing v 1 -periodic homotopy groups of Lie Groups. It should also be noted that the construction of an E-completion given in [6] has been strongly generalized by Bousfield in [9] . Also, the framework for the construction of the spectral sequence and the computation of the E 2 -term in [2] and [6] has been generalized by Bendersky and Hunton in [5] to the case of an arbitrary Landweber Exact ring spectrum E. This includes complete theories such as Morava E-theory.
In [5] the authors define an E-completion of X, and a corresponding Bousfield-Kan spectral sequence, for any space X and any ring spectrum E, generalizing the construction of [6] . If one further supposes that E is a Landweber exact spectrum then the authors show that one can define a category of unstable comodules over the Hopf algebroid (E * , E * (E)). This is accomplished by studying the primitives and indecomposables in the Hopf ring of E, extending the work of [2] , [4] . Letting U denote this category of unstable comodules they show, for example, that if X is a space such that E * (X) ∼ = Λ(M), an exterior algebra on the E * -module M of primitives, where M is a free E * -module concentrated in odd degrees, then the E 2 -term of the spectral sequence can be identified as
This is Theorem 4.1 of [5] .
There remains the issue of convergence and the problem of actually computing the E 2 -term. In this paper we establish bounds for the cohomological dimension of the unstable Ext groups of certain torsion unstable comodules. The means for doing this consist of first establishing an unstable version of the Morava change of rings theorem going from BP to Morava E-theory, and then identifying the unstable cohomology as the continuous cohomology of End n , the profinite monoid of endomorphisms of Γ n , the Honda formal group law, over F p n . The multiplication in End n is given by composition. The group of invertible endomorphisms is the well known Morava stabilizer group, and Morava theory tells us that the continuous cohomology of this group yields stable input into the chromatic machinery of stable homotopy theory. Unstable information is obtained by considering non-invertible endormorphisms of Γ n as well.
In the next section we will recall the definition of the category of unstable comodules. In the following theorem, the cohomology on the right hand side is continuous monoid cohomology and Gal denotes the Galois group Gal(F p n /F p ) and E n * is the coefficient ring of Morava E-theory. A BP * -module is called v n -local if v n acts bijectively. 
Gal .
In Section 6 we establish a relationship between the cohomology of End n and the cohomology of S n , the Morava stabilizer group. Using the cohomological dimension of S n (see [21] ) we obtain an unstable Morava vanishing theorem.
Theorem 1.2 has implications for the convergence of the unstable E(n)-based Bousfield-Kan spectral sequence for an odd dimensional sphere. Martin Bendersky has observed that the dimension of a sphere S k has to be sufficiently large relative to j and p in order for
to be an unstable comodule map [3] . Theorem 1.3. Let p − 1 > n and let be k be odd and large enough that
Hence the unstable E(n)-based Bousfield-Kan spectral sequence for S k converges to the E(n)-completion of S k .
This theorem will be proved in Section 7, using a Bockstein argument and an unstable version of the Hovey-Sadofsky change of rings theorem [15] .
This work came out of an extended discussion with Martin Bendersky about unstable chromatic homotopy theory and the author is very grateful for all the insight he has provided. The author also wishes to thank Mark Hovey for help in understanding the nature of faithfully flat extensions of Hopf algebroids and equivalences of categories of comodules. Also, thanks are due to Hal Sadofsky and Ethan Devinatz for several useful conversations.
Unstable Comodules
We begin by recalling some notions from [2] and [5] . Suppose that E is a spectrum representing a Landweber exact cohomology theory with coefficient ring concentrated in even degrees. Let E * denote the corresponding Ω-spectrum. There are generators β i ∈ E 2i (CP ∞ ) and under the complex orientation for complex cobordism CP ∞ → MU 2 these map to classes E 2i (MU 2 ). Localized at a prime p, denote the image of
Following [2] and [5] , when E = BP , we replace the elements b i with h i = c(t i ). For a finite sequence of integers J = (j 1 , j 2 , . . . , j n ) define the length of J to be l(J) = j 1 + j 2 + · · · j n and define We will sometimes drop the subscript Γ from the notation if it will not cause confusion.
The following theorem was proved in [2] for E = BP and in [5] for an arbitrary Landweber exact theory. Here M s denotes a free A-module generated by one class i s in dimension s. Theorem 2.2. In the Hopf ring for E the suspension homomorphism restricted to the primitives
and the suspension homomorphism restricted to the indecomposables 
It is shown in [2] , [5] that U and V are each the functor of a comonad (U, δ, ǫ) and (V, δ, ǫ) on the category of A-modules.
Using some work from Dustin Mulcahey's thesis [19] we can extend the above to a much more general situation. Suppose (A, Γ) is a Landweber exact Hopf algebroid and A f − → B is a map of algebras. If we define Σ = B ⊗ A Γ ⊗ A B then (B, Σ) becomes a Hopf algebroid and we have a map of Hopf Algebroids (A, Γ) → (B, Σ). The example that was treated in [19] was A = BP * and B = K(n) * but the following makes sense in general. 
Define a comultiplication by
and a counit
Proposition 2.5 (See [19] ). The functors U Σ and V Σ are both comonads on the category of B-modules.
Proof. The proof is a straightforward diagram chase.
By Corollary 2.12 of [5] this generalizes the definition of U and V in the Landweber exact case. For now we will focus on the functor U but in everything that follows in this section there are analogous results for V . Keep in mind that if M is concentrated in odd dimensions, then U(M) and V (M) are the same.
Thus a Γ-comodule is unstable if the comodule structure map has a lifting:
The category U is an abelian category and the functor U restricted to U is the functor of a monad (U, µ, η), using the definitons µ = Uǫ and η = ψ. The Ext groups in U can be computed as follows.
Definition 2.7. Suppose M is an unstable comodule. Analogous to the stable case, the monad (U, µ, η) gives maps
which define a cosimplicial object in U called the cobar resolution. Apply the functor hom U (A, ) to get a cosimplicial abelian group and hence a chain complex called the cobar complex
.
Then the homology of this chain complex Ext U (E * , M).
Now consider a map of arbitrary Hopf algebroids (A, Γ) → (B, Σ).
In [17] Miller and Ravenel define a pair of adjoint functors on the comodule categories
This adjunction is discussed in detail in several places, for example [14] and [19] . The functors π * and π * often define inverse equivalences of comodule categories. For example if Σ = B ⊗ A Γ ⊗ A B and A → B is a faithfully flat extension of rings, then it is not difficult to see that this is the case. Now suppose that (A, Γ) → (B, Σ) have suitably defined unstable comodule categories, as in Definition 2.6. Mulcahey defines unstable analogs of π * and π * in [19] .
Definition 2.8. Define functors
and for an unstable Σ-comodule N, define α * (N) to be the equalizer
Proposition 2.9 (See [19] ). The functors α * and α * form an adjoint pair.
Proof. This follows by considering the map
which is natural in the A-module M and gives a morphism of comonads U Γ → U Σ which leads to the adjoint pair on comodule categories. See [19] for the details.
Faithfully Flat Extensions
The following theorem is an unstable version of a theorem due to Mike Hopkins, Mark Hovey, and Hal Sadofsky. See [12] , [13] , and [15] . Hovey's paper [13] has a detailed proof of the theorem in the form that we need, which is stated below as Theorem 3.2. The proof in [13] is based on a study of the category of quasi-coherent sheaves on a groupoid scheme. That theory has not yet been developed in an unstable setting but we don't need that for the present work. The author is very grateful to Mark Hovey for a detailed discussion of various aspects of Theorem 3.2 below. 
is a faithfully flat extension of A-modules. Then
is an equivalence of categories.
This enables the following lemma.
Proof. By Theorem 3.2 the functor π * is exact since an equivalence of abelian categories is an exact functor. An unstable Γ-comodule map is a stable Γ-comodule and a sequence in U Γ is exact if and only if it's exact in Γ-comod, so α * is exact on U Γ . A similar argument gives the first statement.
Proof of Theorem 3.1. For N ∈ U Σ consider the counit of the adjunction
which is the same thing as
The target sits in an equalizer diagram
Tensor this with B
The unit of the adjunction is un unstable Γ-comodule map so Lemma 3.3 applies and we have M
This equivalence of abelian categories induces a change of rings isomorphism of Ext groups. To be explicit we have 
First we make an observation.
Proof. We have
Tensor with B to get
By Lemma 3.3 the map 3.6 is an isomorphism.
Proof of 3.4.
Let
. . be the unstable cobar complex for N. Apply α * to get
. . Now tensor with B to get the unstable cobar resolution back again
which is acyclic. By Lemma 3.3 the complex 3.7 is acyclic too.
By Lemma 3.5 α * U Σ (N) = U Γ (N) so 3.7 is a resolution of α * N by injective unstable Γ-comodules
which is the Σ-cobar complex for N. This shows that
Apply this to the case N = α * M to get the result.
Morava E-theory
This section is based on the work of Morava [18] . We will closely follow the exposition of Devinatz [11] . Let W F p n denote the Witt ring over F p n , the complete local p-ring having F p n as its residue field. Let σ denote the generator of the Galois group Gal = Gal(F p n /F p ) which is cyclic of order n. Note that Gal acts on W F p n by
where the coefficients w i are multiplicative representatives.
Let Γ n be the height n Honda formal group law over a field k of characteristic p. The endomorphism ring of Γ n over k = F p n , denoted End n , is known and is given by (see [21] )
Here one can think of S as a non-commuting indeterminant. We will think of End n as a monoid under multiplication. The submonoid consisting of invertible elements is the Morava Stabilizer Group S n = (End n )
× . Also, Gal acts on End n and hence on S n . Morava E-theory, also referred to as Lubin-Tate theory, is a Landweber exact homology theory represented by a spectrum denoted E n and corresponding to the completed Hopf algebroid
Here Map c refers to the set of continuous maps, and the coefficient ring has the following description:
The ring E n * is graded by |u i | = 0 and |u| = −2. There is a graded map of coefficients BP r − → E n * given by
Theorem 4.2. Let M be an unstable BP * BP -comodule such that I n M = 0 and v n acts bijectively. Then
Proof. We begin by considering the Johnson-Wilson spectrum E(n), which is described in detail in [21] . The coefficients are given by
There is an evident map of spectra inducing a ring map on coefficients given by Equation 4.1. The Johnson-Wilson spectrum is studied unstably by Roland Kargl in his thesis [16] . According to the main result of [16] , for M satisfying the hypothesis above, the map BP → E(n), induces an isomorphism
Note that Kargl's theorem is a special case of the unstable HoveySadofsky change of rings theorem which is proved in section 7.
For the second step we complete Johnson-Wilson theory with respect to the ideal I n = (p, v 1 , . . . , v n−1 ). The result has coefficients
and is sometimes referred to as Baker-Wurgler theory because this cohomology theory was studied in [1] .
The completion map E(n) → E(n) induces a map of cobar complexes for M and because M is I n torsion, it is I n complete, so this map of cobar of complexes is an isomorphism and we get an isomorphism (4.4) Ext
For the final step consider the map of spectra from Baker-Wurgler to Lubin-Tate: E(n) → E n . This map of spectra is induced by the faithfully flat extension of coefficient rings
induced by formula 4.1. Thus Theorem 3.4 applies and we get an isomorphism (4.5) Ext 
More on Unstable Comodules
Now we give the description of unstable comodules in Morava Etheory that we are after. Start by recalling from [11] that there is a Hopf algebroid (U, US) which is equivalent to (BP * , BP * BP ) and lies between (BP * , BP * BP ) and (E n * , E n * E n ). The affine groupoid scheme (Spec U, Spec US) is the scheme whose value on a ring A is the groupoid whose objects consist of the set of pairs (F, a) where F is a formal group law over A, a is a unit in A, and a morphism (F, a) → (G, b) is an isomorphism f : F → G with a = f ′ (0)b. As graded algebras,
and US = U[s which sends (F, a) to the formal group law F a given by F a (x, y) = a −1 F (ax, ay) is represented by the graded algebra map
The map (BP * , BP * BP ) λ − → (U, US) is obtained by a faithfully flat extension of coefficient rings, hence by Hopkins' theorem induces an equivalence of comodule categories. We want to identify the unstable comodule category. Unstably it is preferable to use the generators for BP * BP given by h i = c(t i ) where c is the canonical antiautomorphism. In US define c i = c(s i ) and note that
0 u. Morava E-theory is obtained from (U, US) by killing off u i for i > n, setting u n = 1, completing with respect to the ideal I = (u 1 , u 2 , . . . , u n−1 ), and tensoring with the Witt ring W F p n . We have
Applying the canonical anti-automorphism χ to the map λ we get
. . ) be a finite sequence of non-negative integers and denote h
where the sum is indexed over sequences K. The coefficient v K is just some element in BP * . For each term in the sum we make the following calculation. Assume m K is even.
where |y| = 0. In the case where |m k | is odd, multiply and divide on the right by u (|m K |−1)/2 resulting in y on the right with |y| = 1. In either case, by stipulating that the right hand tensor factor be dimension zero or one, the exponent of c 0 becomes well defined, and we make the following definition.
is called non-negative if for each x ∈ M and each term in the coaction of x, written so that the right hand tensor factor has dimension either zero or one, the exponent of c 0 is non-negative.
Recall the category of unstable comodules V Γ defined in 2.6. Proposition 5.2. The categories V BP * BP and V U S are both equivalent to the category of non-negative US-comodules. The category V En * En is equivalent to the category of non-negative E n * E n -comodules.
Proof. For BP , by definition a BP * BP -comodule is unstable if the coaction of each element is in the BP * -span of elements of the form h K ⊗ m K where 2l(K) ≤ |m K |. For (U, US) and E n * (E n ) the same argument applies, using the generators
0 which are the images under λ of h i . (Refer to [2] or [5] .) Note: This is an analog for height n of a height ∞ result which is described in [20] (Theorem 4.1.4) and [7] (Section 4 and Appendix B). It is classical that the dual Steenrod algebra is a group scheme which represents the automorphism group of the additive formal group law. If one considers endomorphisms of the additive formal group law, not necessarily invertible, the representing object of this monoid scheme is a bialgebra, i.e. a 'Hopf algebra without an antiautomorphism'. At the prime 2 this is described explicitly in [7] (see Section 4 and Appendix B) where this bialgebra is called the extended Milnor coalgebra. Whereas the classical dual Steenrod is expressed as a 1 , a 2 , . . . ]. It is easy to see that there is an equivalence between the category of graded comodules over S * and the category of comodules over A. It is also easy to see that under this equivalence, the category of graded unstable comodules over S * is equivalent to the category of 'positive' A-comodules, i.e. comodules over the bialgebra
In [20] this result is extended to odd primes and generalized. Our Proposition 5.2 is a version for the Landweber-Novikov algebra. This goes back to [18] .
We want to translate this to the Z/2-graded case. Consider the Hopf Algebroid ((E n ) 0 , (E n ) 0 (E n )) of elements in degree 0. Let M be an E n * E n -comodule and let M consist of elements in M of degree zero or one. The functor M → M is an equivalence between the category of E n * E n -comodules and (E n ) 0 (E n )-comodules. There is an isomorphism
It is immediate that the non-negative comodules defined in 5.1 correspond to the comodules over the Hopf algebroid
and we have
The next step is to interpret an unstable (E n ) 0 (E n )-comodule in terms of a continuous action of the monoid End n . According to Morava theory there is an isomorphism of Hopf algebroids
The category of graded, complete comodules over this Hopf algebroid is equivalent to the category of continuous, filtered, Galois equivariant twisted S n − E n * modules. See [11] , Section 4, for precise details. We will be interested in Z/2-graded comodules M which satisfy I n M = 0. Mod I n , in degree zero, the Hopf algebroid of equation 5.4 becomes
. The explicit description of the group scheme of automorphisms of Γ n over an F p -algebra k is as follows.
In [21] it is shown that every automorphism of Γ n has the form
For a ring map h : D → k let h give the automorphism
If we do not require the cooefficient of x to be a unit, then it is apparent that Spec(
is the monoid scheme whose value on k is the monoid of endomorphisms of Γ n over k.
Proposition 5.5. There is an isomorphism of bialgebras
The proof given in Section four of [11] applies to End n as well. In particular equation (4.14) establishes the result one generator at a time.
So we are studying left comodules over the bialgebra Map c (End n , F p n )
Gal . Still following [11] , given a left comodule M with coaction
Note that this is a right action. Proof. This is the End n -analog of Proposition 5.3, mod I n , in [11] , and the same proof applies.
Finally, the change of rings theorem takes the form Theorem 5.7. Let M be an unstable BP * BP -comodule such that I n M = 0 and v n acts bijectively. Then
Proof. Again the proof is a straightforward adaptation of the proof given in [11] . The cohomology of End n with coefficients in a right module N can be defined by the cochain complex
The cobar complex for Map c (End n , F p n ) Gal is isomorphic to C * (End n ; N) Gal , the only difference from [11] being that we are interpreting the action as a right action.
Finally note that if M is concentrated in odd degrees, then
and we obtain Theorem 1.1 of the introduction.
Cohomological Dimension
This section is based on a construction used by Bousfield -see for example [8] , Subsection 3.1. Here we carry out a version for the stabilizer group. Let A denote the category consisting of p-complete abelian groups with a continuous right action of S n . Let E denote the category consisting of p-complete abelian groups with a continuous right action of End n . There is an obvious forgetful functor J : E → A. Definition 6.1. We define a functorF : A → E as follows: For an
For S ∈ End n , define xS = (0, x 1 , x 2 , . . . ). This defines an End n action onF (M) as one can check the relation xSg = xg σ S. 
which converges by p-completeness and the fact that S n = p. Proof. Straightforward. Now we need a fundamental sequence. For an object M in A define an object M ′ in A as follows. Let M ′ = M as abelian groups and for each g ∈ S n , x ′ ∈ M ′ , let x ′ g = xg σ , where x = x ′ and the expression on the right is the action on M. If N is an object in E there is a map S : N → N. If we think of S as a map S : (JN) ′ → JN then it is easy to check that S is a morphism in A. Thus we can defineF (S) which is a morphism in E. Also it is readily checked that S :F ((JN) ′ ) →F (JN) is a morphism in E. This gives a morphism
in E and the following proposition. Proof. It is well known that for the stated values of n and p, the Morava stabilizer group has finite cohomological dimension equal to n 2 . See for example [21] . We have that H In this section we prove Theorem 1.3. First we need an unstable version of the Hovey-Sadofsky change of rings Theorem 3.1 of [15] . j E(n) * /I j . Thus Theorem 3.1 applies and the conclusion follows.
Recall from the introduction that we are assuming that k is odd and sufficiently large relative to n and p so that BP * (S k )/I j v j − → BP * (S k )/I j defines a map in the category U BP * BP of unstable comodules over BP * BP for 0 ≤ j ≤ n − 1. For precise bounds on how large k needs to be see [3] . We will suppress S k from the notation.
Proof of Theorem 1.3. Working in the category U E(n) * E(n) , start with the Bockstein sequence in Ext U coming from the short exact sequences of comodules 0 → E(n) * /I n−1 v n−1 −−→ E(n) * /I n−1 − → E(n) * /I n − → 0. If x ∈ Ext s (E(n) * , E(n) * /I n−1 ) and v i n−1 x = 0 for some i, then x pulls back to Ext s−1 (E(n) * , E(n) * /I n ) and so s ≤ n 2 + 2 in order for x to be non-zero. If x is v n−1 -non-nilpotent, then
(E(n) * , E(n) * /I n−1 ) ∼ = Ext s U E(n) * E(n) (E(n) * , v −−→ E(n) * /I j−1 − → E(n) * /I j − → 0 for successively smaller j leads to Ext s (E(n) * , E(n) * ) = 0 for s > n 2 + n + 1.
